An outline is given of the phenomenological theory of fading memory recently explored by V. J. Mizel and the author. The theory provides a general framework in which one can derive the restrictions which the second law of thermodynamics places on the constitutive equations of materials with memory.
INTRODUCTION
In theories of the dynamical behaviour of continua, there are several ways of describing the dissipative effects which, in addition to heat conduction, accompany deformation. The oldest way is to employ a viscous stress which depends on the rate of strain, as is done in the theory of Navier-Stokes fluitis. In another description of dissipation, one postulates the existence of internal state variables which influence the stress and obey differential equations in which the strain appears. A third approach is to assume that the entire past history of the strain influences the stress in a manner compa tible with a general postula te of smoothness or 'principle of fading memory'.
Experience in high-polymer physics shows that the mechanical behaviour of many materials, including polymer melts and solutions, as weil as amorphous, crosslinked solids and semi-crystalline plastics, is more easily described within the theory of materials with fading memory than by theories of the viscous-stress type, which do not account for gradual stress-relaxation, or by theories which rest on a finite number of internal state variables and which, therefore, give rise to discrete relaxation spectra when linearized.
Some years ago, Walter Noll and I proposed a systematic procedure for rendering explicit the restrictions which the second law places on constitutive relations 1 • The procedure was easily applied in theories of materials of the viscous-stress type 1. 2 and in theories which employ evolution equations for internal state variables 5 ; these applications did not yield results which a physicist would consider surprising and were presented as attempts at clarification, with the emphasis laid upon logical relations. Implementation of the procedure in the theory of materials with memory was a different matter, however, for it there led to conclusions 4 which, although not anticipated by other arguments, have recently been shown to have important bearing on wave propagation 5 and dynamical stability 6 • 7 • Here I should like to discuss the restrictions which the second law places on the response functionals of materials with memory. Although it is possible to develop analogaus theories for materials with 'permanent memory'i", I emphasize materials which possess 'fading memory' in the sense that configurations experienced in the recent past have a stronger influence on the present values of the stress and free energy than configurations experienced in the distant past.
2. PROCESSES, CONSTITUTIVE ASSUMPTIONS, AND THE SECOND LAW Let a fixed reference configuration f1ll be assigned for the body f!l under consideration, and identify each of the material points X of PA with the place ~ in space that X occupies when 31 has the configuration f1ll. A thermodynamic process of PA is a collection of functions of ~ and time compatible with the laws of balance of momentum and energy. For the materials covered by the present theory, each process consists of eight functions: (1) the motion z, with x = z( ~' t) called the position at time t of the material point located at ~in f1ll, (2) the local absolute temperature e, which is assumed tobe positive, (3) the symmetric stress tensor T of Cauchy, (4) the specific internal energy e, per unit mass, (5) the specific entropy 1], per unit mass, (6) the heatjluxvector q, (7) the body force b, per unit mass ( exerted on PA at x = z( ~' t) by the 'external world ', i.e. by other bodies which do not intersect PA), and (8) the rate of heat supply r (i.e. the radiation energy, per unit mass and unit time, absorbed by PA at x = .z(~, t), and furnished by the 'external world'). The first six of these functions determine the process, for once z, e, T, e, 17, andq have been specified for all ~ and t, the functions bandrare determined 1 by the requirement that the process shall obey the laws of balance of momentum and energy, which state that, for each part f!i' of f14 and each time t, :rj X dm = jb dm + ,~ Tn da 
In these equations dm is the element of mass in the body, 8PJJ is the surface of f!i' in the configuration at time t, da is the element of surface area, n is the exterior unit normal vector to 8f!J, and the superposed dots denote material time-derivatives. · The specific free energyt 1/J is defined by (2.3) t See, for e:t::amples, Owen's discussion of the thermodynamics of materials with elastic range 8 , Owen and Williams's theory of rate-independent materials 9 , and a recent essay 10 , in which Owen and I generalize the present treatment. The defornzation gradient F is the gradient of x(~, t) with respect to ~:
lt is assumed that Fis non-singular; hence det F #-0
The Piola--Kirchhofftensor, S = S(~, t), is defined by
with p the mass density. I denote by g the spatial gradient ofthe temperature, i.e. the gradient of 8 considered as a function of the present position X = 1(~, t): (2.7) N ow, let F( T) and e( T) be the deformation gradient and temperature at time Tat a fixed material point X. The functions P and er, defined by Each material is characterized by constitutive relations which limit the class of processes possible in a body comprised of the material. In the thermodynamics of materials with memoryt, a simple material is one for which the free energy, the stress, the entropy, and the heat flux are determined when the history of the deformation gradient, the history of the temperature, and the present value of the temperature gradient are specified. Thus, at each material point of a simple material there hold equations of the form: t/J(t) = p(Fr, er.; g(t)) l ry(t) = {)(Fr, er; g(t)) S(t) = s(Fr, er; g(t)) q(t) = q(Fr, er; g(t)) (2.9) lt is assumed that the four functions p, l), s and q are given a't each material point; these functions, called ·response functionals' or 'constitutive functionals' depend, of course, on the choice of the reference configuration §. A process is said tobe admissible in the simple material if, in addition to obeying the balance laws 2.1 and 2.2, it obeys the constitutive relations 2.9.
If one regards q/0 to be a vectorial flux of entropy and r/e to be a scalar supply of entropy, then it is natural to define the rate of production of entropy in a part fl/J of f!J to be t Cf. Ref. 4 . §Cf. Noll 11 .
T(&', t)
The Clausius-Duhem inequalityl 2 is the assertion that
In our paper 1 of 1963, N oll and I pointed out that in many branches of continuum physics the second law of thermodynamics can be given a precise mathematical meaning ifit is interpreted tobe the following principle.
Dissipation Principle. For every admissible thermodynamic process in a body f!J, the Clausius-Duhem inequality 2.11 must hold at all times t and in all
lt is clear that this principle implies that response functionals cannot be chosen arbitrarily. In Section 4 I shalllist the restrictions which the principle places on p, ~' s and q in 2.9 when these functions obey the postulate of regularity called the 'principle of fading memory't. First, however, I should like to outline a recently developed axiomatic approach 13 to the theory of fading memory. 
ON THE THEORY OF FADING MEMORY
make the set of all such ordered pairs a 10-dimensional vector space 'f"(lO) with norm
The elements of 'f"( 10 , of the type
with F a non-singular tensor and e a positive number, form a cone ~ in 'f"(lO) §. At a given material point in a process, the total history up to t, i.e. the history up to t of the deformation gradient and temperature, is the function rr = (Fr, er), mapping [0, oo) into ~:
The ordered pair I, defined by is called the stress-entropy vector 4 . If one writes simply t/1 for t/J( t), g for g(t),
and I for I(t), the constitutive equations 2.9 become, in the present notation,
where the response functional 6 has the ·components'
It is frequently possible to prove theorems in a branch of continuum physics without specifying the form of response functionals, but usually one must assume something about their smoothness. Forthis reason several topologies have been proposed as appropriate for sets of histories14-1B. 4 , s, 9, 10. Let us suppose that the histories At of interest form a cone <r in a Banach function-space ID. Certain basic, but usually tacit, assumptions of physical theories place limitations Oll the choice of the function space ID and its norm I I • II· I Iist below three of these requirementst. ( If 'JI is the history up to t of r = (F, 0) (at a fixed material point X in some particular process), then 'JI (a) is the history of r up to t -a, while 'JI(t7) gives the history of r up to t + (j assuming that r is held constant from t to t + a.
The physical requirements (1) and (2) stated above are made precise by laying down the following two postulates 18 • 13 . The following postulate embodies the third of the physical requirements listed above.
Postulate 1. Jf a given function tP is in C, then all its static continuations ()<a>,
a ~ 0, arealso in C.
Postulate 3. The space 5B contains non-trivial constant functions. That is, for each vector u in Cß, the function ut is in c
It follows from this assumption that g1ven any functional f on (t, one can define a function fo on Cß by the formula f(U) = f(U·:) for all U E CC (3.14) r is called the equilibrium response function corresponding to f~ If f is a continuous functional on (t, then r is continuous on ·lC.
The norm 11·11 on 5B is said to have the relaxation propertyt, if, for each function4) in V, for each 4) in (t; that is, in the Iimit of large a, the response f( cl)<u>) to the static continuation cl)<u> of an arbitrary history 4J depends only on the present value of4J and is given by the equilibrium response function defined1n 3.14.
Postulate 4.
The norm 11·11 has the relaxation property. 1 ~ l'~'(s) 1, 11-a. e., such thatt/Jis)---+ 0, 11-a.e., then ll•ill---+ 0.
Let f be a continuous function mapping <r: into a metric space. lt follows from Theorem 3 that f can be regarded equally weil as a function of ordered pairs (t/J(O), t/Jr) with t/J(O) in CC • and t/Jr in <r:n i.e. is discontinuous; at all other times </J(~) is continuous.
(To obtain this result one first shows that the mapping t ~ A~ E <r:r is continuous, for all t, even for those at which A(·) experiences a discontinuity.) Let U be a cone in a Banach space m, and Iet ~ be the subspace of m spanned by U. A real-valued function g defined on U is said to be continuously Suppose 9 is continuously Fn!chet-differentiable on (f, and recall that 9(fP) can be written There is now assembled here apparatus sufficient for a precise statement of the principle of fading memory as used in the thermodynamics of simple materials. (ii) the functional6 is determined by the functional p through the 'generalized stress relation' 6 =Dp, and all tarne histories r in lt.
Postulate of
When I gave this theorem in my essay 4 of 1964, I proved it using a form of the principle of fading memory less general than that described here §. In the present terminology one can say that I employed the Postulate ofSmoothness stated at the end of Section 3, but used for ID a specialtype of history space, namely a Hilbert space ~ formed from functions4>, mapping [0, co) in is finite; k(s) was a fixed, positive, monotone-decreasing function, assumed to be summable on (0, oo ), and called the 'influence function 't. Later, Victor
Mizel and 1 20 observed that Theorem 8 remains valid in the present more general theory.
The conclusions (i), (ii) and (iii) of Theorem 8 have some interesting consequences which I list below. Although the proof of Theorem 8 does not employ Postulate 4, the proofs of Theorems 9, 10 and 11 do**.
